A first-principle based mathematical model is developed in this paper to analyze the meshing losses in involute spur gears operating in high-load and high-speed conditions. The model is fundamentally simple with a few clearly defined physical parameters. It is computationally robust and produces meaningful trends and relative magnitudes of the meshing losses with respect to the variations of key gear and lubricant parameters. The model is evaluated with precision experimental data. It is then used to study the effects of various gear and lubricant parameters on the meshing losses including gear module, pressure angle, tooth addendum height, thermal conductivity, and lubricant pressureviscosity and temperature-viscosity coefficients. The results and analysis suggest that gear module, pressure angle, and lubricant pressure-viscosity and temperature-viscosity coefficients can significantly affect the meshing losses. They should be the design parameters of interest to further improve the energy efficiency in high-performance, multistage transmission systems. Although the model is developed and results obtained for spur gears, the authors believe that the trends and relative magnitudes of the meshing losses with respect to the variations of the gear and lubricant parameters are still meaningful for helical gears.
Introduction
Modeling and experimentation of transmission efficiency of gear systems have been active topics of research in the past decades. Some of the recent developments which the authors found useful and/or informative are Britton et al. [1] , Lehtovaara [2] , Handschuh and Kilmain [3] , Martins et al. [4] , Diab et al. [5] , Xu et al. [6] , Petry-Johnson et al. [7] , Magalhaes et al. [8] , Li and Kahraman [9] , and Kuria and Kihiu [10] . Among them, Xu et al. [6] presented an extensive literature summary of the modeling work and Petry-Johnson et al. [7] presented an extensive literature summary of the experimental work.
The transmission efficiency of a precision gear system can be very high, particularly the meshing efficiency of a pair of spur gears, which can reach above 99.5% [7] . Nevertheless, any designs that can further improve the energy efficiency can still be significant for high-power, multistage transmissions. Because of the high efficiency, it can be very difficult to determine accurate values of the percentage power losses either in laboratory experiment or by theoretical modeling. The task is further complicated if the loss in the gear system is to be separated into various components such as meshing, spinning and bearing losses. A good example on the experimental side is the work reported by PetryJohnson et al. [7] . They carried out a very systematic measurement program with a well maintained and well instrumented FZG test rig. The repeatability tests in their experiments yielded a measurement scatter of about 0.04% of the total power input. They subsequently carried out many power loss measurements with different gear sets and lubricants under various operating conditions. The average of the measured total power losses in all the cases is about 0.45% and that due to gear meshing (with some meaningful separation calculation) is about 0.25%. Therefore, the measurement scatter amounts to about 10% of the total power loss and 20% of the meshing loss. Such a measurement uncertainty can significantly contaminate the results and, more importantly, the trends associated with parameter variations particularly in the meshing losses. The prospect of mathematical modeling of the power losses does not fare any better. Take as example the meshing loss of a pair of spur gears. The contact geometry, rolling and sliding velocities, load and thus the elastohydrodynamic lubrication (EHL) film thickness and film temperature all vary throughout the meshing cycle. These variations make it very difficult to accurately calculate the friction forces in the gear contact. The problem is further complicated by many other factors as stated in Xu et al. [6] , such as gear surface roughness, tooth bending, tooth tip modification and gear shaft misalignment, to name just a few. Consequently, the meshing loss obtained through mathematically intensive modeling such as Li and Kahraman [9] is not necessarily more accurate than that obtained using empirical friction formula such as Kuria and Kihiu [10] .
In the authors' opinion, it is the trends and relative magnitudes of the percentage losses with respect to parameter variations that play the key role in the gear design and lubricant selection to further improve transmission efficiency. These trend and relativemagnitude results may be obtainable without the need to obtain exceedingly accurate power-loss results which are limited by experimental resolution and/or modeling imperfection. A firstprinciple based modeling appears to be more suitable for this task as the results are not contaminated by measurement scatters inherited in the experiments or hard-to-trace uncertainties associated with the parameter-laden empirical formulas. This paper aims to develop such a first-principle based model focusing on meshing efficiency of involute spur gears. The model is fundamentally simple with a few clearly defined physical parameters so that the cause-and-effect results produced by the model can be easily traced and evaluated. The accuracy of the model is evaluated against well documented experimental data of Petry-Johnson et al. [7] . Subsequently, it is used to study the trends and relative magnitudes of the meshing losses with respect to the variations of a few key parameters that describe gear design and lubricant property. Figure 1 , taken from Johnson [11] , shows a schematic of the meshing of a pair of involute spur gears. It suggests that the meshing is instantaneously equivalent to the contact of two cylinders. The two cylinders rotate at constant angular velocities equal to the angular velocities of the underline gears but their radii vary as the meshing proceeds along the line of action. Furthermore, the contact force between the two cylinders may vary, primarily due to the change of the number of meshing pairs in the process. This equivalent configuration allows the tooth contact and lubrication of the gears to be modeled and friction force calculated using EHL theory. The EHL problem is basically governed by four integral-differential equations [12] :
Modeling
Reynolds equation
Elasticity equation
Load equation
Energy equation
These equations describe a transient problem as the contact force, rolling and sliding velocities and geometry vary through the meshing cycle. Also, the surface roughness of the gear teeth is included through the term rðx; tÞ in Eq. (2) . The equations may be solved by numerical methods with appropriate pressure and temperature boundary conditions. Various versions of solution have been obtained for the transient problem as presented in Larsson [13] , Wang et al. [14] , Li and Kahraman [9, 15] . After the equations are solved at a given point along the line of action, the friction force in the tooth contact can be calculated by integrating the shear stresses over the contact region:
Because of the complexity of the problem and inherited modeling uncertainties, it is not possible to very accurately determine various contact and lubrication variables and thus a very accurate value for the small percentage meshing loss. Therefore, it may be wise to reduce the model to a simpler form approximating some variables that do not substantially affect the magnitude and characteristics of the contact friction. First, the surface roughness may be neglected without losing the result trend, largely reducing the numerical difficulty to obtain converged solutions. Experimental data in Petry-Johnson et al. [7] showed that roughness of significant magnitude only causes about 10% increase in the meshing loss for a wide range of operating conditions (although Britton et al. [1] showed significantly higher loss). Calculations by Chang [16] showed that surface roughness causes slight decrease in the EHL traction in the absence of asperity contacts, and calculations by Johnson et al. [17] showed that asperities carry less than 10% of total load in an EHL junction with a unity k ratio. Thus, the theories suggest that surface roughness would only cause a modest increase in traction under significant mix-lubrication conditions when the asperity contacts are well covered by low-friction boundary films. Second, the problem may be solved in quasi steady state, avoiding the computationally intensive transient calculations. Li and Kahraman [9] showed that the transient effects do not substantially change the level of the EHL film thickness in the gear contact. Dama and Chang [18] also showed that the film thickness does not sensitively affect EHL traction. Third, the EHL pressure may be approximated by the Hertz distribution so that the pressure may be obtained in close form instead of through complicated numerical iterations. Dama and Chang [18] showed that the use of Hertz pressure and Hertz zone as the calculation domain does not significantly affect the calculated traction under a wide range of operating conditions. Lastly, the film thickness may be taken as a parallel gap calculated by the central filmthickness formula of Dowson and Toyoda [19] . With these simplifications, Eqs. (1) to (3) are replaced by two straightforward algebraic equations to calculate pressure distribution and film thickness at each meshing position along the line of action:
and where C P is a compressibility reduction factor [19] and C T an inlet shear-heating reduction factor [20] , which are given by
and
Next, under quasi steady state, the energy equation reduces to
In fact, the transient term in Eq. (4) can be easily shown to be a few orders of magnitude smaller than the transport term for a high-speed, small-size contact. It is well known that the EHL traction is sensitively related to the film temperature. Because the lubricant viscosity is exponentially related to temperature, it can be very difficult to devise a close-form formula to calculate thermal EHL traction with consistent quality under various speed-andload conditions, as shown in Dama and Chang [18] . Furthermore, recent research has revealed the development of thermally induced shear localization across the EHL film under certain conditions [21, 22] . The shear localization can dramatically reduce the EHL traction and may also reverse the trend of traction behavior with temperature as shown in Willermet et al. [23] , Webster et al. [24] and Chang et al. [21] . Therefore, Eq. (10) should be rigorously solved by a full numerical method to determine the temperature field and to capture the possible shear localization in the EHL film. Equation (10) is a parabolic equation and requires temperature boundary conditions at the Hertz inlet and along the two surfaces to solve. The temperature at the Hertz inlet, Àa, may be taken as the ambient temperature, T o , of the supplied lubricant. For a high-speed gear system, the surface velocities, u 1 and u 2 , of the tooth contact in the direction perpendicular to the line of action are very high throughout the meshing cycle. Therefore, the two surface temperatures may be described by the well-known Jaeger equation [25] :
Any well formulated non-Newtonian model may be used to describe the lubricant rheological behavior such as the Eyring model proposed by Johnson and Tevaarwerk [26] :
The well-known Barus law may be used to describe the viscositypressure-temperature relation of the lubricant:
Define an effective viscosity, g e , such that
Then, for a lubricant obeying Eq. (12), the effective viscosity is given by
The shear strain rate in the EHL film is related to the lubricant velocity by 
Equations (10) and (18) govern the temperature and velocity fields of the lubricant in the EHL film. The two equations are coupled to each other. The coupling may become very pronounced under high-load and high-sliding conditions such as in gear meshing, leading to the development of thermal shear localization across the EHL film [22, 27] . A good solution of them should ensure a quality calculation of the shear stresses and thus the meshing friction that is reasonably accurate. More importantly, it should yield the correct trends and relative magnitudes of the meshing losses with respect to the variations of key gear and lubricant parameters. The derivatives in Eqs. (10) and (18) are approximated by various standard finite-difference formulas. Specifically,
Dz 2 (22) where i defines the finite-difference grids along x direction, and j defines the grids along z direction. Equations (10) and (18) are then converted to two systems of algebraic equations. A successive-iteration scheme is used to solve them with proper initial estimates of the velocity and temperature variables at the grid points. A simple choice of the initial estimates is the linear flow field of u 2 À ðu 2 À u 1 Þz=h o and uniform temperature field of T o . The solution is obtained by marching from Hertz inlet to outlet, one column of the finite-difference grids at a time starting with i ¼ 2. The velocity variables are calculated first. In the process, g e and g 0 e in Eq. (18) are first calculated using the initial estimates of u f and T (or their values at the previous iteration); ðg 0 e Þ i;j % ½ðg e Þ i;jþ1 À ðg e Þ i;jÀ1 =ð2DzÞ and _ c i;j % ½ðu f Þ i;jþ1 À ðu f Þ i;jÀ1 = ð2DzÞ are used in the calculations. A system of linear equations is then obtained for the velocities at the ith grid column. It is a tridiagonal matrix equation and can be easily solved simultaneously. The solution is used to update the velocity variables from the initial estimates (or the values at the previous iteration); underrelaxation is used in the update to smooth the convergence. Subsequently, the temperature variables at the grid column are calculated. The velocity variables just calculated are first used to calculate s _ c in Eq. (10), leading to a system of linear equations for the temperatures. The equations are also tri-diagonal and can be easily solved. In the solution, the surface temperatures at i À 1 column are used. This use does not result in appreciable error with small Dx grid spacing. It gets rid of unnecessary surface-temperature iterations and enhances numerical stability. The solution of the system of equations is used to update the temperature variables with under-relaxation. This two-step successive-iteration procedure for velocity and temperature variables continues until a converged solution is obtained. The surface temperatures are then calculated at the current grid column using Eq. (11) in which ½@T=@z 1;2 at the two surfaces are approximated by one-sided finite differences and the integration is carried out using a simple summation routine from the inlet to i À 1 column. Thereafter, the solution process advances to the next grid column until it reaches Hertz outlet. Upon completion, the friction in the gear contact is calculated:
In addition, an average temperature rise in the lubricant film is also calculated:
It provides a single-variable measure on the level of temperature in the contact similar to the Hertz pressure on the level of pressure.
The pressure, film thickness, temperature and friction force may be calculated at any meshing position. Referring to Fig. 1 , a meshing-position variable, s, may be defined along the line of action from left to right. It is negative before the meshing position reaches the pitch point and positive thereafter. The meshing initiates and terminates, respectively, at
For a pair of spur gears, the contact ratio, m c , is usually between one and two. There are two meshing pairs when the meshing position is in the range of s i s s 1 or s 2 s s t . There is a single meshing pair when s 1 < s < s 2 . It can be shown with gear fundamentals that
The radii of the two equivalent cylinders at a given meshing position, referring to Fig. 1 , are given by
Thus, the equivalent radius of the EHL contact is
The surface velocities of the two cylinders are given by
Thus, the entraining velocity of the EHL contact is
and the sliding velocity is
In the equations, the angular velocities of the gear pair, x 1 and x 2 , are taken to be positive valued with their directions defined in Fig. 1 . The tooth contact force generally varies as the meshing proceeds along the line of action. The variation is primarily due to the switch between one meshing pair and two meshing pairs.
Other secondary effects may be neglected, which should not result in meshing-loss calculation error greater than the errors associated with other model uncertainties and imperfections. Therefore, the contact force per unit gear face width is given by
where
With RðsÞ, wðsÞ, uðsÞ and u s ðsÞ determined, the pressure, film thickness, temperature, and friction in the gear contact can now be calculated as the meshing progresses along the line of action. The energy loss in the contact, DE m , in a time period, t m , as one tooth pair go through their meshing can also be calculated. Referring to Fig. 1 , the line of action may be wrapped on the base circle of the pinion and thus the meshing point progresses from s ¼ s i to s ¼ s t with a constant velocity, which is given by
Therefore,
Because N 1 x 1 =2p numbers of tooth pairs go through the meshing in unit time, the meshing power loss is equal to
The integration in Eq. (40) can be evaluated using a simple numerical summation with a sufficiently small Ds to progress the meshing position and calculate the corresponding friction force and sliding velocity in the tooth contact. Figure 2 shows the calculated results of key tooth-contact variables through one meshing cycle of a sample problem with a pair of identical spur gears of standard geometry and steel materials. The problem is defined in Table 1 , which lists the geometry and material parameters and operating conditions of the gear system that fits in a standard FZG test rig. The calculated meshing loss is 0.49% of the input power. The calculation took about five seconds to complete on a PC. One hundred Ds increments were used to progress through the meshing. A 60 Â 80 finite-difference grid was used to discretize the Hertz region along x and z directions, respectively, to numerically solve Eqs. (10) and (18) . The convergence was set with 0.001 relative-error tolerance. Calculation accuracy was evaluated with grid refinements and tighter error tolerances for a number of problems. In the next section, a series of evaluations of the model is conducted with the measured meshing losses reported in Petry-Johnson et al. [7] under a wide range of conditions. Subsequently, analyses are carried out to study the trends and relative magnitudes of percentage meshing losses with respect to variations of a few key gear and lubricant parameters.
Results and Analysis
The model developed in this paper is first evaluated with a set of experimental data reported in Petry-Johnson et al. [7] . PetryJohnson et al. conducted a systematic experimental investigation of spur-gear efficiency using a well maintained and well instrumented FZG test rig. The experiments were conducted with a pair of identical involute gears. Two sets of gears of significantly different modules were used; one set has 23 teeth and the other, 40 teeth. A group of gears is ground finished with RMS roughness around 0.25 lm, and another group is chemically polished to reduce the roughness to 0.05 lm. Three different lubricants were used in the study. A temperature-controlled oil circulation system supplied the lubricant to the gear meshes through directed jets. The experiments were carried out under high-load, high-speed conditions with a test matrix of three different loads and three different speeds. They measured the power loss of the system in each experiment and extracted the meshing loss from it by subtracting the loss measured under zero-load spin condition and the loss due to bearing friction using a published formula. Table 2 lists the geometrical parameters of the two gear sets. Table 3 shows the nine test conditions defined by various combinations of the pinion rpm and torque. The above experimental gear system and operating conditions were implemented into the model developed in this paper. The gear geometry parameters such as the pitch radius and pressure angle can be calculated from the parameters listed in Table 2 by r ¼ c=2 and w ¼ cos À1 r b =r. While not mentioned in PetryJohnson et al. [7] , the gears are assumed to be made of steels. Then the material parameters listed in Table 1 are used. Based on Table 2 in Li and Kahraman [9] , which describes the properties of the lubricant used in the above experiments, the lubricant viscosity at the supply temperature of 110 C is taken to be g o ¼ 0:009 Pa-s. The pressure-viscosity coefficient is set at a ¼ 9:5 Â 10 À9 Pa À1 and the lubricant density at q f ¼ 790kg=m 3 . Parameters describing the lubricant thermal properties are taken from Table 1 , which are very representative of EHL lubricants and are similarly used in Wang et al. [14] . Figure 4 shows the meshing-efficiency results predicted by the model for the nine test conditions of PetryJohnson et al. [7] . The results show a clear effect of gear module on the meshing efficiency. For the nine cases, the meshing efficiency averages at 99.786% for the 40-teeth gears and 99.644% for the 23-teeth gears, which are very close to their experimental counterparts of Fig. 3 , being 99.784% and 99.643%, respectively. In addition, the differences in the efficiency among the nine cases are visibly smaller for the 40T gears than those for the 23T gears. They range within 0.055% for the former and 0.113% for the latter, which are similar to and consistent with what observed in the experiments, being 0.054% and 0.084%, respectively. The model predicts a modest decrease of the meshing efficiency as load increases for both sets of gears. It also predicts a modest increase of the efficiency as speed increases. These trends are not clear in the experiments: the results exhibit an increase of the efficiency with the load for the 23T gears but a conflict trend for the 40T ones, and no trend with the velocity in both sets of gears. This difference between the model predictions and the experiments may be due to the relatively small effects of load and speed on meshing efficiency. These small effects may be overshadowed and trends contaminated in the experiments by other small effects such as surface roughness effects, extraction errors of the meshing losses from the overall losses, and measurement repeatability scatters. Despite all the uncertainties and imperfections in the model and in the experiments, the differences between the predictions and the corresponding measurements are still very comparable to the measurement repeatability reported in Petry-Johnson [7] . The biggest such difference is 0.03% in Test 6 for the 40T gears and 0.08% in Test 3 for the 23T ones; only two of the eighteen cases see the difference exceeds the reported 0.04% measurement repeatability.
Next, the model is used to study, under a high-load and highspeed condition, the trends and relative magnitudes of the meshing losses with respect to variations of a few key gear and lubricant parameters. The parameters studied are those which affect meshing losses but have very little effects on other losses such as churning, windage, bearing and seal losses. The parameters include gear module, pressure angle, tooth addendum height, gear thermal conductivity, and lubricant pressure-viscosity and temperature-viscosity coefficients. In the study, these parameters are varied one at a time in a range of practical interest. The nominal problem used for the study is the one with parameters defined in Table 1 and key variables along the meshing shown in Fig. 2 .
The effect of gear module is studied first. Figure 5 shows the percentage meshing losses with the numbers of gear teeth ranging from 19 to 39. For a given gear pitch diameter, the module is inversely proportional to the numbers of teeth. It is 4.816 mm in this problem with 19T and decreases to 2.346 mm with 39T. The calculated meshing loss is about 0.64% of the input power with the coarsest gears and down to 0.4% with the finest gears. The results of Fig. 5 are re-plotted in Fig. 6 to show the loss as a function of the gear module. The loss is fairly linear with the module, varying with a slightly higher rate at the lower module range. The variation of the loss with the module is very significant with a magnitude relative to the mean loss of about 50%. Examinations of the detail meshing results such as those illustrated in Fig. 2 reveal that the increased level of sliding velocity is the main cause of the increased loss with module, which was also pointed out in Xu et al. [6] and Petry-Johnson et al. [7] . As an example, the o C in the coarse gears. The 39T gears also enjoy a higher contact ratio of m c ¼ 1:709 in comparison to m c ¼ 1:544 for the 19T gears and thus are expected to run slightly more smoothly. Therefore, it would be highly desirable to use gears of smaller modules provided that the bending stress in the gear tooth is below the maximum allowable value.
The effect of gear pressure angle is studied next. Figure 7 shows the meshing losses of the gears with the pressure angles ranging from 14 deg to 26 deg. The rate of increase of the loss is fairly steep as the pressure angle is reduced below the nominal value of 20 deg. The rate of reduction of the loss is somewhat modest for the angle above 20 deg. The overall variation of the meshing losses in this range of the pressure angle is very pronounced with a magnitude above 0.35%, which is about 80% of the loss with w ¼ 20 deg. Therefore, the pressure angle is a very significant design parameter on the meshing efficiency, even more significant than the module previously discussed. The significance of the pressure angle on the meshing efficiency has also been noted in earlier research by Hohn et al. [28] and Magalhaes et al. [8] . Low loss gears with w ¼ 40 deg were proposed [28] . Examinations of the meshing variables suggest that the increased sliding velocity with a small pressure angle is once again the main contributing factor to the increased meshing loss. In gear design, tooth tip relief or tip modification is often used to prevent premature engagement and stress concentration on the tip of the tooth. The tip modification may also reduce the meshing loss as suggested by Diab et al. [5] , Xu et al. [6] and Velex and Ville [29] . A main argument of the reduction is that the tip modification shortens the length of action, s t À s i , removing the two end portions that involve high sliding in the tooth contact. The effect of the tip modification on the meshing loss is also studied in this paper. For this purpose, the modification is simply modeled by reducing tooth addendum height or using gears with shortened teeth. Figure 8 shows the calculated meshing losses with the tooth addendum varying from the full stub tooth of A 1;2 ¼ 0:8P d to the standard tooth of A 1;2 ¼ 1:0P d . The meshing loss is fairly linear with respect to the tooth addendum height. The reduction of the loss is very modest as the tooth is shortened with a relative magnitude of about 14% as the addendum is reduced from A 1;2 ¼ 1:0P d Figure 9 shows the tooth contact and lubrication variables through the meshing with the full stub-tooth gears. Comparison of the results with their full-addendum counterparts of Fig. 2 reveals two main factors that affect the change of the meshing loss as the addendum is varied. The first factor is that the meshing of the stub-tooth gears initiates at a significantly later position along the line of action (and terminates significantly sooner) than does the meshing of the full-addendum gears. As a result, the sliding velocity at the extreme position is significantly lower for the former than for the latter, being 7.93 m/s and 9.63 m/s, respectively. The removal of the meshing segment with high sliding significantly contributes to the reduction of the meshing loss. The second factor is that the central meshing segment with one meshing pair (i.e., s ¼ s 1 $ s 2 ) is significantly wider with the stub-tooth gears than with the full-addendum gears. For the former, s 1 ¼ À0:29 mm at which the sliding velocity is ju s j ¼ 3:65m=s. For the latter, s 1 ¼ À0: 15 
tooth gears. The two factors act to negate the effect of each other to a significant degree resulting in only a modest reduction of the meshing loss when the addendum is shortened from the full length to the stub length. Therefore, tooth tip modification does not seem to significantly increase gear meshing efficiency, far below what could be brought about by module and pressure angle considerations. In addition, the reduced length of action may significantly reduce the contact ratio to potentially increase meshing noise and contact fatigue.
Another gear property which may significantly affect the meshing efficiency is its thermal conductivity. A number of studies showed or suggested that, under high-load and high-sliding conditions, large thermally induced shear localization may be developed across the EHL film to significantly reduce the shear stresses thus EHL traction. Furthermore, Chang [27] showed that if one of the contact surfaces is insulated, the localization will be developed at the insulated surface due to high local temperature. As a result, the localization can be significantly more pronounced than the problem with two conductive surfaces and, in conjunction with the higher overall temperature, the shear stress in the lubricant can be much lower. The theory suggests a possibility to significantly reduce the meshing losses in gear transmission by reducing the thermal conductivity of the tooth surface of one of the two gears. Based on some results from the theory, Chang [27] speculated that a reduction of as much as 50% may be achieved. This speculation is analyzed using the model developed in this paper. Figure  10 shows the calculated meshing losses as the thermal conductivity of one of the gears, k 1 , is varied from its nominal value of 47 W/(m C) to zero. The reduction in the meshing loss is very mild even after k 1 is reduced to less than 10 W/(m C). The rate of reduction accelerates as k 1 is further reduced, but the total reduction is still not a very significant amount of 12.5% at
Thereafter, the loss takes a steep dive to give a total reduction of 45.5% when k 1 is reduced to zero. Such a loss result is likely associated with the behavior of the cross-film thermal shear localization. Figure 11 shows the shear strain rate across Transactions of the ASME the EHL film at the Hertz center x ¼ 0 ð Þin the tooth contact at the initial moment of meshing. At this time and location, the shear localization, if developed, would be most severe. Results obtained with four values of k 1 are presented. The strain rates are localized in a relatively narrow film layer. The localization is around the center of the film with two equally conductive surfaces of
Þ, which is the nominal value representative of steel materials. The average temperature rise (Eq. (24)) in the film at this condition is DT ¼ 99:9 o C. As k 1 is reduced to 3.0 W/ (m C), the localization is significantly shifted toward the much less thermally conductive surface due to higher temperature in that region. The degree of localization is slightly lessened with a peak strain rate 12% lower than the peak of the previous case. The temperature rise in this case is DT ¼ 122:0 o C. The higher DT is primarily responsible for the 12.5% reduction in the meshing loss. As k 1 is further reduced to 1.0 W/(m C), the localization is further shifted toward the hotter surface and is more localized with a peak strain rate slightly higher than that in the nominal case. The temperature rise is DT ¼ 132:0 o C, which is likely the main cause for the additional 8.5% reduction in the meshing loss. With a perfectly insulated surface of k 1 ¼ 0, the temperature rise is highest right at the surface reaching over 300 C as shown in Fig. 12 ; the temperature rise across the film for the nominal problem is also shown for comparison. This at-surface highest temperature reduces the local viscosity dramatically, making the shear of the lubricant much easier right at the surface thereby creating much more pronounced shear localization as shown in Fig. 11 . As a result, the shear stresses and thus the friction and meshing loss are much reduced. Nevertheless, the use of an insulated gear to much reduce the meshing loss speculated in Chang [27] is seen to be more or less a theoretical fantasy as there are hardly any materials or surface coatings that can offer such perfect insulation. A small amount of heat conduction through the surface would generate sufficient thermal leakage to diminish almost all the benefit. Incidentally, the problem is also studied with simultaneous reduction of both k 1 and k 2 . No significant reduction in the meshing loss is obtained until the thermal conductivity is reduced to a very small value. The last part of the analysis is on the effects of lubricant properties on the meshing losses. The study focuses on the lubricant pressure-viscosity and temperature-viscosity coefficients as these two parameters, for a given ambient temperature, have little effects on the losses outside of tooth meshing. Figure 13 shows the meshing losses for a reasonable range of lubricant pressureviscosity coefficient around its nominal value of a ¼ 1:2 Â10 À8 Pa À1 . The results suggest that the viscosity sensitivity to pressure at the EHL pressure is an important property on gear Fig. 13 Effects of lubricant pressure-viscosity sensitivity on the meshing loss meshing efficiency. The meshing loss increases nearly linearly with a. The magnitude of variation is about 65% relative to the loss at the mean level, which is as significant as the relative magnitudes associated gear module and pressure angle studied earlier. Therefore, it is desirable to select a gear lubricant with a relatively small pressure-viscosity coefficient to increase meshing efficiency. The main drawback of a reduced a is the decrease in the EHL film thickness. For the problem studied, the film thickness is h o ¼ 0:325 lm with a ¼ 1:6 Â 10 À8 Pa À1 and is h o ¼ 0:220 lm with a ¼ 0:8 Â 10 À8 Pa À1 . The decrease is somewhat modest considering the large percentage reduction in the meshing loss and may be compensated with a better surface finish or surface run-in. Figure 14 shows the meshing loss as a function of lubricant viscosity-temperature coefficient. The study includes a range of b up to 0.09 C À1 because research such as Paluch et al. [30] and Kumar et al. [31] has shown that b can increase significantly at elevated pressures from its ambient value. The results obtained suggest that the effect of the lubricant viscosity-temperature sensitivity at EHL pressures is fairly significant on the meshing efficiency. The reduction in the meshing loss with b ¼ 0:09 o C À1 is close to 30% of the loss at b ¼ 0:04 o C À1 , which is often a representative value of the viscosity-temperature coefficient at ambient pressure. Therefore, it would be desirable to select a gear lubricant which exhibits increased viscosity-temperature sensitivity at high pressures. It would increase gear meshing efficiency with little side effects in contrast to other gear and lubricant parameters studied.
Conclusion
A first-principle based mathematical model is developed in this paper to analyze the meshing losses in spur-gear systems operating in high-load and high-speed conditions. The model is fundamentally simple and computationally robust. It is shown to yield sufficiently accurate results to produce meaningful trends and relative magnitudes of the meshing losses with respect to the variations of key gear and lubricant parameters. The model is used to study the effects of various gear and lubricant parameters on the meshing losses. The results and analysis lead to the following conclusions:
(1) Gears with reduced module can significantly reduce the meshing loss primarily by reducing the sliding velocity in the tooth contact. A smaller module also yields a better tooth contact and lubrication condition and a larger gear contact ratio. Therefore, small modules should be considered in system design and gear selection provided that the gears have sufficient tooth bending strength under maximum loading conditions. (2) Gears with increased pressure angle can significantly reduce the meshing loss by means of both reduced sliding velocity and friction force in the tooth contact. A larger pressure angle also yields better tooth contact and lubrication. A pressure angle significantly below the standard 20 deg can produce very unfavorable contact and lubrication conditions with high pressure and temperature and low film thickness, putting the gears in high risk of contact fatigue and scuffing especially in high load and high speed transmission. Therefore, a high pressure angle is desirable provided it does not cause excessive bearing loading and yield too low a contact ratio. (3) Gears with shortened tooth or gears with tooth tip modification do no result in significant reduction in the meshing loss. While it helps remove a high-sliding portion of the length of action to reduce the meshing loss, a shortened tooth increases the single-meshing portion of the length of action with high sliding and high friction to increase the loss. The two effects neutralize each other to a significant degree. (4) The effect of gear thermal conductivity on the meshing efficiency is insignificant. While the mesh of one conductive tooth with one insulated tooth is shown to reduce the meshing loss by about 50% from its both-conductive counterpart, the reduction is largely diminished with a very small amount of heat conduction through the surface. (5) Lubricant pressure-viscosity coefficient can have a profound effect on the meshing efficiency. More than 50% reduction may be achieved in the meshing loss from a conventional level by using a lubricant with a much reduced a. The decrease in the EHL film thickness with the use of a small a is somewhat modest and may be compensated with improved surface finish and/or surface run-in of gear teeth. (6) Lubricant temperature-viscosity coefficient can also have a significant effect on the meshing efficiency. It would be beneficial to select a gear lubricant which exhibits a significant increase of viscosity-temperature sensitivity under high pressures. Such a lubricant property may help reduce the meshing loss by about 30% from a nominal level.
The results presented in this paper are obtained with variations of gear and lubricant parameters from those of a nominal problem defined in Table 1 . The authors believe that the trends and relative magnitudes of the meshing losses with respect to the parameter variations would be a meaningful representation for other problems in high-load and high-speed operations. This belief is based on the authors' fundamental understanding of the problem and the results obtained with other systems under other conditions as exemplified in Fig. 4 . The authors also believe that the trends and relative magnitudes of the meshing losses would be meaningful for helical gears. This belief is based on the fact that the meshing process and the contact and lubrication conditions in helical gears are fundamental similar to those of their spur-gear counterparts aside from geometric and kinematic complications. 
Notations

